Introduction
Fix a prime number ℓ. In this paper we prove ℓ-adic versions of two related conjectures of Deligne, [4, 8.2, p. 163] and [4, 8.9 .5, p. 168], concerning mixed Tate motives over the punctured spectrum of the ring of integers of a number field. We also prove a conjecture [11, p . 300], which Ihara attributes to Deligne, about the action of the absolute Galois group on the pro-ℓ completion of the fundamental group of the thrice punctured projective line. It is stated below. Similar techniques are also used to prove part of a conjecture of Goncharov [7, Conj. 2.1] , also about the action of the absolute Galois group on the fundamental group of the thrice punctured projective line, and which derives from the conjectures of Deligne and Ihara and questions of Drinfeld [5, p. 859 ].
Ihara's version of Deligne's conjecture concerns the outer action
of the absolute Galois group G Q on the pro-ℓ fundamental group of the thrice punctured projective line. The pro-ℓ completion of π 1 (P 1 (C) − {0, 1, ∞}, x) is the inverse limit of its finite quotients of ℓ-power order. We shall denote it by π (ℓ) . Ihara defines a filtration
where L m π (ℓ) denotes the mth term of the lower central series of π (ℓ) indexed so that L 1 π (ℓ) = π (ℓ) . It is independent of the choice of base point x but depends on the choice of the prime ℓ, as the ℓ-adic cyclotomic character induces an isomorphism In this paper we shall prove: Theorem 1.1. For all rational primes ℓ, the graded Lie algebra (Gr
is generated by elements s 3 , s 5 , s 7 , . . . where s 2n+1 ∈ Gr
In fact, combining this result with the work of Ihara [11] , one can see (cf. Remark 10.7) that there is a G Q -equivariant isomorphism
Q ℓ (2n + 1).
The value of Soulé's element [22] of H 1 cts (G Q , Q ℓ (2n + 1)) on the image of s 2n+1 in H 1 cts (G Q , Q ℓ (2n + 1)) * ⊗ Q ℓ (2n + 1) is non-zero. In [11] Ihara constructs explicit elements σ 3 , σ 5 , σ 7 , . . . of Gr >0 I ℓ G Q , which are sometimes called Soulé elements. He studies the non-vanishing of the Lie brackets of these elements and asks [11, p. 300] whether the σ j generate (Gr >0 I ℓ G Q ) ⊗ Q ℓ freely. In [12] , he proves that if (Gr >0 I ℓ G Q ) ⊗ Q ℓ is free, then it is generated by the Soulé elements. He also shows that the σ j generate an open subgroup of the image of the homomorphism
for each m, a consequence of Theorem 1.1. The techniques of this paper do not seem to shed light on the question of freeness.
Our basic tool, which we develop in Sections 3, 4, and 5, is the theory of weighted completion of a profinite group Γ with respect to a continuous, Zariski dense representation ρ : Γ → S(Q ℓ ) into a reductive Q ℓ -group endowed with a distinguished central cocharacter w : G m → S. The weighted completion in this case consists of (i) a proalgebraic Q ℓ -group G which is an extension 1 → U → G → S → 1 of S by a prounipotent group U with the property that H 1 (U), when viewed as a G m -module via w, has only negative weights in the sense of representation theory; (ii) a continuous homomorphismρ : Γ → G(Q ℓ ) which lifts ρ. These data are required to be universal for homomorphisms of Γ into such "negatively weighted extensions" of S by a prounipotent group. It is a variant of Deligne's notion of the relative Malcev completion, which is developed in [8, 9] .
Weighted completions arise naturally in Galois theory in many contexts, the simplest of which is the following:
(i) ℓ is a prime number, (ii) Γ = G ℓ , the Galois group of the maximal algebraic extension of Q unramified outside ℓ, (iii) S = G m , (iv) ρ : G ℓ → G m (Q ℓ ) = Q × ℓ is the ℓ-adic cyclotomic character, (v) w : G m → G m is the homomorphism defined by w(x) = x −2 .
In Section 8 we show that the weighted completion is an extension
where the Lie algebra k ℓ of K ℓ is the free pronilpotent Lie algebra generated by The most important property of weighted completions (or more generally, negatively weighted extensions) is that each module of such a group has a natural weight filtration, and that the weight graded functor is exact on the category of such modules. This exactness property, called strictness, is familiar from Deligne's mixed Hodge theory [3] as well as Galois theory. It is a key ingredient in the proof of Theorem 1.1. The reason for taking the central cocharacter to be x → x −2 in the previous paragraph is to make the representation theoretic weights agree with the usual weights in algebraic geometry coming from Hodge theory and Galois theory.
The Lie algebra of a weighted completion is a module over the group via the adjoint action and therefore has a natural weight filtration. In particular, the Lie algebra a ℓ of the weighted completion of G ℓ has a weight filtration where k ℓ = W −1 a ℓ . The copy of Q ℓ (2n + 1) in the previous paragraph lies in the W −2(2n+1) k ℓ and projects to a non-zero element in the −2(2n + 1)th weight graded quotient of k ℓ . These together generate Gr W • k ℓ . The first step in the proof of Theorem 1.1 is to use the fact, due to Ihara [10] , that the Galois representation (1) factors through G ℓ . This outer action induces one on the unipotent completion P of the geometric fundamental group of P 1 − {0, 1, ∞}. One can define the filtration (2) of G ℓ by considering this action. The representation of G ℓ on the Lie algebra p of P is negatively weighted in an appropriate sense and induces a homomorphism A ℓ → Out P and a corresponding homomorphism a ℓ → OutDer p on Lie algebras. Using strictness, one can show (see Section 10) that Deligne's Conjectures, which we consider in Section 9, concern the category of mixed Tate motives over the punctured spectrum X F,S := Spec O F − S of the ring of integers of a number field F . His conjectures [4, 8.2, p. 163] and [4, 8.9 .5, p. 168] essentially say that (i) there should be a category of mixed Tate motives over X F,S ; (ii) the tannakian fundamental group of this category should be a proalgebraic Q-group which is an extension of G m by a prounipotent group; (iii) the Lie algebra of this prounipotent radical should be free and generated freely by ⊕ n>0 K n (X F,S ).
For technical reasons, we need to assume that S contains all primes that lie over ℓ. In Section 9 we define the category of ℓ-adic mixed Tate motives over X F,S to be the category whose objects are Q ℓ π 1 (X F,S )-modules M endowed with a weight filtration W • by Q ℓ π 1 (X F,S )-submodules such that all odd weight graded quotients of M vanish and the (−2m)th graded quotient is a sum of a finite number copies of Q ℓ (m).
1 In this case, the tannakian fundamental group of the category of ℓ-adic mixed Tate motives is the weighted completion A F,S of π 1 (X F,S ) with respect to the cyclotomic character. This is shown, in Section 8, to be an extension of G m by a prounipotent Q ℓ -group whose Lie algebra is generated freely by
This group is related to the algebraic K-theory of X F,S by the regulators
Soulé's result [22] implies that these induce an isomorphism
This yields a proof of an ℓ-adic version of Deligne's conjectures. The challenge of constructing canonical Q-forms of these Lie algebras endowed with a natural mixed Hodge structure, for example, remains.
Goncharov's Conjecture is similar to Ihara's and concerns the action (as distinct from the outer action) of the Galois group of the kernel of the ℓ-adic cyclotomic character, Q(µ ℓ ∞ ), on the ℓ-adic prounipotent completion P of π 1 (P 1 (C) − {0, 1, ∞}, − → 01) with base point the tangent vector at 0 pointing towards 1. In addition to conjecturing that the Lie algebra of the Zariski closure of the image of G Q(µ ℓ ∞ ) in Aut P is generated by elements s 3 , s 5 , s 7 , . . . , he conjectures that it is freely generated by them. We are able to prove the generation part of his conjecture, but not the freeness. Goncharov's Conjecture is considered in Paragraph 10.5.
There is an appendix on unipotent completion where we collect and prove results we need. Many of these must be well known but we know of no good references, while other results may be new. One innovation is that we introduce the notion of the ℓ-adic unipotent completion of a profinite group and prove a comparison theorem which states that if Γ is a finitely generated group, then the ℓ-adic unipotent completion of the profinite (or pro-ℓ) completion of Γ is isomorphic to the Q ℓ -form of the ordinary unipotent completion of Γ.
There is second appendix in which we prove some results about the continuous cohomology of the Galois groups G F,S which are surely well known to the experts, but for which we could not find suitable references.
Conventions.
The functor H 1 when applied to a group, Lie algebra, etc. will denote the maximal abelian quotient.
Following the conventions in Hodge theory (cf. [3] ), we shall denote increasing filtrations with a subscript index:
and decreasing filtrations with a superscript index:
does not make a precise definition of mixed Tate motives, but does state that they should be of "geometric origin" in some general sense, such as those found in unipotent completions of fundamental groups of algebraic varieties. Our definition skirts this issue, but we hope that the Lie algebra of Spec Z can be realized inside the Lie algebras of derivations of various mapping class groups and plan to write about this in the future.
Their associated gradeds are defined by
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Preliminaries on Proalgebraic Groups
A proalgebraic variety X over a field k is a pro-object (c.f. [1] ) in the category of varieties over k: X = (X α ) where {X α } is a projective system of k-varieties.
The morphism set between the two proalgebraic varieties X = (X α ) and
The pro-objects with the above defined morphisms form a category called the category of pro-algebraic varieties over k. It contains the category of k-varieties as a full subcategory. This new category is closed under projective limits, and there (X α ) = lim ← − X α holds. So, we denote
Note that
The Zariski closure of a subset S of X(K), K an extension field of k, is the smallest proalgebraic variety over k that contains it -it is the projective limit lim ← − S α where S α is the k-Zariski closure of the image of S in X α (K).
A proalgebraic group over k is a group object in the category of proalgebraic varieties over k. The Lie algebra g of the proalgebraic group
where each G α is algebraic, is simply the inverse limit lim ←− α g α of the Lie algebras of the G α . It will be regarded as a topological Lie algebra with the topology defined by the inverse limit.
If each G α is unipotent, we say that G is prounipotent. The Lie algebra of a prounipotent group is the inverse limit of nilpotent Lie algebras. Such a Lie algebra is said to be pronilpotent.
If k is a topological field and Γ is a topological group, then a homomorphism Γ → G(k) is continuous if each of the natural homomorphisms Γ → G α (k) is continuous. When this situation arises in this paper, Γ will be a profinite group and k will be Q ℓ . This notion of continuity should not be confused with that in the previous paragraph.
The classical Levi decomposition [2, p. 158] generalizes to certain proalgebraic groups. Proposition 2.1. Suppose that S is a reductive algebraic group over a field k of characteristic zero and that
is an extension of proalgebraic groups over k. If U is prounipotent then the extension is split and any two splittings differ by conjugation by an element of U.
Proof. The extension is the inverse limit of extensions
of algebraic groups where each U α is unipotent. Without loss of generality, we may assume that each of the homomorphisms G α → G β in the inverse system is surjective, and therefore that each of the homomorphisms U α → U β is too. Denote the set of splittings of the sequence above by M α . By the classical Levi decomposition [2, p. 158] , each M α is non-empty and is acted on transitively by U α . The M α thus form an inverse system of non-empty sets where all morphisms are surjective. The inverse limit of the M α is therefore non-empty. It follows that there is a splitting. The uniqueness is easily deduced from the classical case.
A graded Lie algebra is a Lie algebra in the category of graded vector spaces. It is of finite type if each of its graded quotients is finite dimensional. The following results are needed in the sequel. The first is an immediate consequence of the elementary fact that a homomorphism n 1 → n 2 between finite dimensional nilpotent Lie algebras is surjective if and only if the induced map
Proposition 2.2. If n = ⊕ n>0 n m is a graded Lie algebra of finite type, then the image of any section of the canonical surjection n → H 1 (n) generates n.
Any such section induces a homomorphism from the free Lie algebra generated by H 1 (n). Thus we have: Corollary 2.3. If n = ⊕ n>0 n m is a graded Lie algebra of finite type, then there is a free graded Lie algebra f = ⊕ m>0 of finite type and a surjective homomorphism f → n such that the induced map
Negatively Weighted Extensions
Suppose that S is a reductive group over a field k of characteristic 0. Denote G m/k by G m . Suppose that w : G m → S is a central cocharacter -that is, a homomorphism whose image is contained in the center of S.
We shall denote by S m the 1-dimensional irreducible representation of G m on which it acts by the mth power of the standard character. We shall denote the
is an extension of S by a unipotent group. The first homology of U is an S-module, and therefore a G m -module via the homomorphism w. Thus we can write
We shall say that this extension is negatively weighted with respect to w if H 1 (U ) m = 0 whenever m ≥ 0. A proalgebraic group which is an extension of S by a prounipotent group is negatively weighted with respect to w if it is the inverse limit of negatively weighted extensions of S. If w is trivial, then there are no non-trivial negatively weighted extensions of S.
The Weight Filtration
Suppose that S is a reductive k-group and that w : G m → S is a central cocharacter. In this section, we show that representations of a negatively weighted extension of S have a natural weight filtration, and that morphisms between such modules are strict with respect to this weight filtration.
Suppose that the proalgebraic group G is a negatively weighted extension of S with respect to the central cocharacter w : G m → S. Proof. This can be seen by pulling back the extension U → G → S along w and then applying Proposition 2.1.
Fix such a splittingw. Each finite dimensional G-module V can then be regarded as a G m -module viaw, and can therefore be decomposed
under the G m -action. Define the weight filtration of V by
A priori, this filtration depends onw, but we will show, in Proposition 4.7, that it does not.
The nth weight graded quotient of V is defined by
It follows directly from the representation theory of G m that, for a fixed splitting w, the weight splitting (3) is compatible with Hom and tensor products. 
An immediate consequence is that the weight filtration is compatible with respect to Hom and tensor products. 
We can apply this to the adjoint action to decompose g, the Lie algebra of G, and u, the Lie algebra of U, the prounipotent radical:
Denote the Lie algebra of S by s. 
(v) the graded quotients of g are given by
Proof. The first statement follows from the previous proposition as the mapping g ⊗ V → V is G-equivariant. The second follows from the first by taking V to be the adjoint representation. The third statement is clear. Set
The inclusion of this into u induces a surjection on H 1 as H 1 (u) has all negative weights. Since u and u <0 are both nilpotent, this implies that they are equal. This proves the fourth statement. The exact sequence 0 → u → g → s → 0 is an exact sequence of graded g-modules. Since w is central in S, it follows that s = s 0 . Since u has only negative weights, it follows that the projection g → s induces an isomorphism g 0 ∼ = s and that g n = u n whenever n = 0. Proof. Since u = W −1 g and since the action g ⊗ V → V is compatible with the gradings, each term W n V of the weight filtration is a g-module. Since u = W −1 g, the image of the action u ⊗ W n V → W n V is contained in W n−1 V from which the result follows. 
Proof. Suppose thatw
where V ′ n is the subspace of V where G m acts with weight n viaw ′ . Then V ′ n = uV n . Since each term of the weight filtrations associated to w andw are G-modules, it follows that, for each n,
The reverse inclusion follows by reversing the roles of w andw. The equality of the weight filtrations follows.
To prove the last assertion, we choose a splitting s : S → G of the canonical projection G → S. Choose the liftw to be the composite of w : G m → S with the splitting s. Let V = ⊕V n be the corresponding weight decomposition of V . Since w is central in S, it follows that the image of s preserves this decomposition and that each W m V is an im s-module. The result follows from Lemma 4.6. 4.1. Naturality. The weight filtration has nice naturality and exactness properties. The following setting is a little technical, but convenient for our applications.
Suppose that S 1 and S 2 are reductive k-groups with distinguished central cocharacters w i : G m → S i and that G i is proalgebraic, where i = 1, 2. Suppose that G i → S i is a negatively weighted extension of S i , where i = 1, 2. Suppose that Φ : G 1 → G 2 and φ : S 1 → S 2 are homomorphisms such that the diagram
commutes for all g ∈ G 1 . We can form a category: The objects are 4-tuples (V, S, w, G) where S is a reductive k-group, w : G m → S a central cocharacter, G a proalgebraic group which is a negative extension of S, and where V is a finite dimensional G-module. Morphisms between such modules are the Φ homomorphisms defined above. We shall call this the category of weighted modules. Note that every object of this category has a natural weight filtration.
4.2.
Strictness. Strictness is a key ingredient in our proof of Theorem 1.
between two filtered vector spaces is said to be strict with respect to the filtrations W • if it is filtration preserving and if
A filtration W • of a vector space induces a filtration on each subspace A ֒→ V and each quotient q : V ։ B by Proof. We use the notation of Section 4.1. To prove that the weight filtration is preserved by the morphism f : V 1 → V 2 , choose a liftw 1 : G m → G 1 , and definew 2 to be Φ •w 1 . Then both V 1 and V 2 become G m -modules, and f is G m -equivariant. The first assertion follows. Strictness follows similarly as f becomes a map of graded vector spaces after choosing the liftw.
The exactness of Gr W n follows for similar reasons. If
is an exact sequence of weighted modules, one can choose compatible liftings of the central cocharacters, so that the exact sequence becomes an exact sequence of G m -modules. The sequence
n → 0 is thus exact for all n. The exactness of Gr W n follows as the nth weight graded quotient of a module is naturally isomorphic to its weight n part.
This theorem extends to certain infinite dimensional representations of such groups. There are two appropriate categories of such G-modules. Namely, the category of projective limits of finite dimensional representations of G, and the category of inductive limits of finite dimensional representations of G. In both cases, there is a weight filtration and morphisms are strict with respect to it.
We conclude this section with a result which helps us recognize the weight filtration. The proof is elementary and left to the reader.
Proposition 4.10. Suppose that V is a G-module and that
is a filtration of V by G-submodules satisfying:
(i) the union of the F n V is V and their intersection is trivial, (ii) each graded quotient Gr F n V is a trivial U -module, and therefore an S-module, and a G m -module via w, (iii) for each n, the action of G m on Gr F n V is via nth power of the standard character, then F n V = W n V .
Weighted Completion
We will work only in the profinite setting as that is where our examples lie, although there is an obvious analogue in the discrete case. Denote G m/Q ℓ by G m . Suppose that:
(i) Γ is a profinite group; (ii) S is a reductive group defined over
is a continuous homomorphism with Zariski dense image.
Definition 5.1. The weighted completion of Γ with respect to ρ and w is a proalgebraic Q ℓ -group G, which is an extension of S by a prounipotent group U, and a homomorphismρ : Γ → G(Q ℓ ) which lifts ρ:
Γ Γ It is characterized by its universal mapping property: if G is a proalgebraic Q ℓ -group which is a negatively weighted extension of S (with respect to w) by a prounipotent group, and if φ : Γ → G(Q ℓ ) is a homomorphism that lifts ρ, then there is a unique homomorphism of proalgebraic groups Φ : G → G that commutes with the projections to S and such that φ = Φρ. Proof. Consider the category whose objects are pairs
where G is a Q ℓ -group which is a negatively weighted extension of S and where φ is a continuous, Zariski dense representation which lifts ρ : Γ → S(Q ℓ ). A morphism
consists of a homomorphism f : G 1 → G 2 of Q ℓ -groups that is compatible with the projections to S and satisfies
Since the image of φ is Zariski dense, there is at most one morphism between any two objects. In addition, there is fibered product:
is defined to be (G → S, φ : Γ → G(Q ℓ )) where G is the Zariski closure of the image of
It follows that this category is a projective system. The weighted completion of Γ with respect to ρ is then (G,ρ : Γ → G(Q ℓ )), the projective limit of all objects of this category.
5.1.
Cohomology of g and u. We shall view g and u as topological Lie algebras where neighbourhood of zero are the kernels n of the canonical homomorphisms to the finite dimensional quotients of g that are extensions
of s by a nilpotent Lie algebra.
Suppose that V is a finite dimensional S-module. Define the continuous cohomology of u and g with coefficients in V to be the direct limit of the cohomology of their canonical finite dimensional quotients:
These can be computed using continuous cochains; the group H
of continuous cochains. The differential is induced by the dual of the bracket. A complex which computes H
• cts (u, V ) is obtained by replacing g by u. Since the Lie algebras g of G and u of U are inverse limits of the Lie algebras of the finite dimensional quotients of G, it follows from Theorem 4.9 that each has a natural weight filtration. Since the category of G-modules is abelian, these pass to H 
These weight filtrations pass to cohomology. In particular, each cohomology group H m cts (u) has a canonical weight filtration which satisfies Gr
Proof. We need only prove the last statement. Since H 1 cts (u) has strictly negative weights ≥ m, u has weights ≤ −m, and its continuous dual u * (a direct limit of finite dimensional G-modules) has weights ≥ m. It follows that the space Λ n u * of degree n continuous cochains on u has weights ≥ nm. Since the bracket is a morphism, the Chevalley-Eilenberg complex
of continuous cochains on u is a complex of G-modules. Its cohomology is therefore a graded G-module and thus has a weight filtration induced from that of u. Since the n-cochains have weights ≥ nm, it follows that the weights on H n (u) are also ≥ nm.
5.2.
Basic structure of g and u. Suppose that {V α } α is a set of representatives of the finite dimensional irreducible representations of S. Since w is central and V α is irreducible, Schur's Lemma implies that there is an integer n(α) such that the central G m acts on V α via the n(α)th power of the standard character.
Suppose that V is a finite dimensional S-module. We denote by H i cts (Γ, V ) the cohomology of the complex of continuous cochains
where V is viewed as a continuous Γ-module via ρ : Γ → S(Q ℓ ). This is the same notion of continuous cohomology as used in [23, Sect. 2] .
and each weight graded quotient of H
cts (u) (and hence u as well) is finite dimensional.
The proof is given in Section 6. Proof. The theorem above implies that H 1 (u) = 0. Since u is pronilpotent, u is trivial.
Theorem 5.6. There is a natural injective S-invariant homomorphism
The proof is given in Section 7. Proof. By Corollary 2.3, there is a free graded Lie algebra f = ⊕ m<0 f m and a graded Lie algebra homomorphism f → n which is surjective and induces an isomorphism on H 1 . Denote the kernel of this by a. Note that n is free if and only if a = 0. Since a is an ideal in a negatively graded Lie algebra, a = 0 if and only if a/[f, a] = 0. There is a spectral sequence
Since f is free, H 2 (f) = 0. It follows that
is an isomorphism. The result follows as
Example 5.9.
ℓ is the natural inclusion. Take w to be the inverse of the square of the standard character.
2 In this example we compute the weighted completion of Z 
5.3. Naturality. Here we record some more technical naturality statements that are needed in the sequel.
Suppose that f : Γ 1 → Γ 2 is a continuous homomorphism between two profinite groups. Suppose that S 1 and S 2 are two reductive Q ℓ -groups with central cocharacters w 1 and w 2 , respectively. Suppose that
are two continuous, Zariski dense homomorphisms. We can form the weighted completions G 1 and G 2 of Γ 1 and Γ 2 . Suppose that φ : S 1 → S 2 is a homomorphism of Q ℓ -groups such that
The following result is easily proved using the universal mapping property of weighted completion and Theorem 4.9.
Proposition 5.10. Under these hypotheses, there is a homomorphism Φ :
commutes. Moreover, the induced homomorphism g 1 → g 2 on Lie algebras preserves the weight filtration and is strictly compatible with it.
We are now in the situation described in Section 4.1 and thus have the following reformulation of Theorem 4.9.
Suppose that we are in the situation for naturality described at the beginning of this sub-section. Suppose that V 1 is a G 1 -module and that V 2 is a G 2 -module, (both direct or inverse limits of finite dimensional modules). Suppose that f :
Theorem 5.11. With the notation above,
5.4. Right exactness. Our goal in this paragraph is to understand the relation between the prounipotent radical of G and the ℓ-adic unipotent completion of the kernel of ρ : Γ → S(Q ℓ ).
We continue with the notation from the beginning of this section: Γ is a profinite group, ρ : Γ → S(Q ℓ ) is a continuous, Zariski dense homomorphism from Γ to a reductive Q ℓ -group, w is a central cocharacter of S, G is the corresponding weighted completion of Γ, and U its prounipotent radical.
Denote by S the weighted completion of im ρ with respect to the inclusion im ρ ֒→ S(Q ℓ ) and w. The homomorphisms Γ → im ρ and ker ρ → U(Q ℓ ) induce homomorphisms G → S and (ker ρ)
Proposition 5.12. The sequence
commutes, the image of ker ρ in S(Q ℓ ) is trivial. It follows that K is contained in the kernel of G → S and that the composite
is trivial. It remains to show that K contains the kernel of G → S. Note that K is the Zariski closure of the image of ker ρ in U. Since ker ρ is normal in Γ, and since Γ is Zariski dense in G, K is normal in G. The homomorphism ρ induces a homomorphism im ρ → (G/K)(Q ℓ ). Because G/K is a negatively weighted extension of S, the universal mapping property of S gives a splitting S → G/K of G → S. Since the image of Γ is Zariski dense in G, im ρ has Zariski dense image in G/K, which implies that this splitting is surjective, and therefore an isomorphism S → G/K. 
Proof. Corollary 5.5 implies that S = S. The result follows.
Proof of Theorem 5.4
The proof is an exercise in group cohomology. We continue with the notation from Section 5, except that we will abuse notation and not distinguish between an algebraic Q ℓ -group and the group of its Q ℓ rational points.
Recall that
Uρ whereρ ranges over all continuous, Zariski dense representationsρ : Γ → Gρ(Q ℓ ) into a negatively weighted extension Gρ of S by a unipotent group, which we shall denote by Uρ.
Proposition 6.1. There are natural isomorphisms
Each finite dimensional S-module will be considered as a continuous Γ-module via ρ. Note that there are natural one-to-one correspondences between:
(i) the set of continuous 1-cocycles f : Γ → V ; (ii) the set of continuous homomorphisms φ : Γ → S ⋉ V that lift ρ; (iii) the set of continuous splittings s : Γ → Γ ⋉ V of the extension
Under this correspondence, cocycle f , the lift γ → (ρ(γ), f (γ)), and the splitting γ → (γ, f (γ)) all correspond.
The following result is somewhat standard and is easily proved. It is a basic tool in the proof of Theorem 5.4. 
be the composition of φ with this quotient mapping. Its characteristic homomorphism
is the restriction of c(φ) to K, and hence is zero. It follows that there is an element of K * that conjugates the image of φ K into S. Since K is non-trivial, this implies that the image of φ K is not Zariski dense, from which it follows that the image of φ is not Zariski dense.
For each irreducible representation V α of S, we can construct a homomorphism
whose characteristic homomorphism
is conjugate to the composition of φ α with the quotient mapping
induced by the adjoint c(φ
This result implies that the V α -isotypical part of
The following result justifies considering one V α at a time and is easily proved. 
induced by the projections of V ⊕ W to V and W respectively, have Zariski dense image. Corollary 6.6. For every finite set F of weights of S, the homomorphism
that is given by φ α in the αth factor has Zariski dense image.
Combining Propositions 6.1, 6.4 and 6.5, 6.6, we have
where F ranges over the finite subsets of {α : n(α) < 0}. This completes the proof of Theorem 5.4.
7.
Proof of Theorem 5.6
7.1. A technical lemma. Suppose that G is a reductive group over a field k of characteristic zero. Suppose that n is a pronilpotent Lie algebra over k and that G acts on n so that it is the inverse limit of finite dimensional nilpotent Lie algebras with compatible G-actions.
Suppose that V is a finite dimensional G-module. Each element of 
Proof. We will prove the sufficiency of the condition; necessity is left as an exercise. Since G is reductive and since the continuous dual n * of n is the direct limit of finite dimensional Lie algebras on which G acts, it follows that G acts on the complex
of continuous Lie algebra cochains. Since G is reductive and since this complex is the direct limit of complexes of finite dimensional G-modules, it follows that
In particular, each θ ∈ H The obvious action of G on n ⊕ V preserves the bracket as Θ is G invariant.
Proof of the theorem.
We continue with the notation from Section 5. Choose a Levi decomposition G ∼ = S ⋉ U. It suffices to construct, for each α, an injective linear map
Since u is pronilpotent and the extension is central,ũ θ is also pronilpotent. This exponentiates to a central extension
If θ is S-invariant, then, by Lemma 7.1, the action of S on u lifts to an action onũ θ , and therefore onŨ θ . We can thus form the extension 0 → V α → S ⋉Ũ θ → S ⋉ U → 1. (7) of proalgebraic groups. Since G ∼ = S ⋉ U we have a homomorphism Γ → S ⋉ U. Pulling the previous extension back along this, we obtain an extension
This gives a class in H 2 cts (Γ, V α ). This class is easily seen to depend only on the class of θ. This procedure therefore defines a map
If Φ α (θ) vanishes, the extension (8) splits. The universal mapping property of Γ → G(Q ℓ ) then implies that (7) splits. This restricts to give a splitting of (6), and therefore of (5). It follows that θ = 0 and that Φ α is injective.
The Weighted Completion of π
Fix a prime number ℓ. Suppose that F is a number field. Denote its ring of integers by O F . Suppose that S is a finite set of closed points of Spec O F containing all primes over ℓ. Let O F,S be the set of S-integers of F , so that Spec
This is the Galois group of the maximal algebraic extension of F unramified outside S.
One has the ℓ-adic cyclotomic character χ ℓ : G F,S → Z 
with Zariski dense image. As in Example 5.9, we take w : G m → G m be the morphism x → x −2 . Since G m is reductive, we can form the weighted completion
of G F,S with respect to ρ ℓ . Here A F,S is a proalgebraic group over Q ℓ with reductive quotient G m . Denote the prounipotent radical of A F,S by K F,S and the Lie algebras of A F,S and K F,S by a F,S and k F,S , respectively. Proposition 8.1. The homomorphism 
when n is odd and > 1; r 2 when n is even. Here r 1 and r 2 are the number of real and complex places of F , respectively.
Proof. This follows directly from Theorem 5.4, Corollary 5.7, and Theorem B.1.
Proposition 8.3. Each weight graded quotient of a F,S is a finite dimensional Q ℓ -vector space. Any lift of a graded basis of H
Proof. It follows from the computation of H 1 cts (k F,S ) that H 1 (a F,S )/W m is finite dimensional for all m. This implies that a F,S /W m a F,S is finite dimensional for all m and that each weight graded quotient of a F,S and k F,S is finite dimensional. The second assertion follows from Proposition 2.2.
Suppose that K is a finite extension of F and that S and T are finite subsets of Spec O F and Spec O K respectively. Suppose that the extension K/F is unramified over S and that T contains all primes that lie over S. Then there is a natural homomorphism G K,T → G F,S .
Proposition 8.4. The natural homomorphism G K,T → G F,S induces a surjective homomorphism A K,T → A F,S which commutes with the projections to G m . The induced homomorphism a K,T → a F,S is strictly compatible with the weight filtration.
This follows directly from the naturality results in Section 5.3 and the fact that the image of G K,T in G F,S is of finite index.
The case
Combining the results of the previous paragraph, we have: 
8.3.
The weight filtration of G F,S . The weight filtration of a F,S can be exponentiated to give a weight filtration
of A F,S whose odd weight graded quotients vanish. This induces a filtration on G F,S by pulling back the weight filtration
of A F,S along the natural mapρ ℓ : G F,S → A F,S (Q ℓ ). Note that W −1 G F,S is the kernel of the cyclotomic character.
There are natural continuous inclusions
for each m. (9) is an isomorphism.
Since, by Proposition 8.1 the image of ker χ ℓ in K F,S (Q ℓ ) is Zariski dense, this follows from the general lemma proved in the next paragraph.
Another technical lemma.
Suppose that Γ is a profinite group, that U is a prounipotent Q ℓ -group and that
is a central filtration of U such that U/W −n U is unipotent for each n. Suppose that ρ : Γ → U (Q ℓ ) is a continuous homomorphism. We can induce a filtration (10) is injective.
Lemma 8.7. If the image of ρ : Γ → U (Q ℓ ) is Zariski dense, then the inclusion (10) induces an isomorphism
Proof. Fix m < 0. By replacing U by U/W M U for some M < m, we may assume that U is unipotent. By replacing Γ by Γ/W M Γ, we may assume that ρ is an inclusion.
We will prove the result by induction on the dimension of U . First recall that if U is a unipotent group over a field k of characteristic zero, and V is a closed normal subgroup of U , also defined over k, then the group of k-rational points of U/V is isomorphic to U (k)/V (k).
We first consider the case when U is abelian. For this, we need the easily proved fact that if Γ ֒→ Q N ℓ is a continuous inclusion of a profinite subgroup, then Γ is isomorphic to If U is not abelian, then there is a least n such that
Using the fact that [Γ, Γ] is Zariski dense in [U, U ] and also the fact that the result holds for U/[U, U ], it is not hard to see that W −n Γ is Zariski dense in W −n U . By induction, the result holds for
from which the result for Γ → U (Q ℓ ) follows as
Deligne's Conjectures
Suppose that F is a number field and that S is a finite subset of Spec O F . Deligne [4, 8.2] conjectures that there is a category of mixed Tate motives over Spec O F,S and that in this category,
The tannakian fundamental group of this category is of the form G m ⋉ U where U is prounipotent. He further conjectures [4, 8.9 .5] that the weight graded Lie algebra of U is freely generated by
(The generation statement is equivalent to the first conjecture above.) Here we formulate and prove an ℓ-adic version of this. Fix a rational prime ℓ. We shall need to assume that S contains all primes that lie over ℓ.
It is natural to define the category of ℓ-adic mixed Tate motives over Spec O F,S to be the category whose objects are finite dimensional Q ℓ vector spaces M equipped with (i) a weight filtration
(ii) an action of G F,S such that each W m M is a G F,S -submodule and such that G F,S acts on Gr W m M via the mth power of the ℓ-adic cyclotomic character. Morphisms are Q ℓ -linear, G F,S -equivariant mappings that preserve the weight filtration. 
The fact that T ℓ (F, S) is the category of a F,S -modules allows us to easily compute all ext groups in this category: Proposition 9.3. For each n ∈ Z and i ≥ 0 there is a natural isomorphism
Theorem 9.4. There are natural isomorphisms
Consequently, for all n ∈ Z, there is a natural isomorphism 
) vanishes when i = 0, 1 and that H 0 cts (a F,S , Q ℓ (n)) vanishes except when n = 0, in which case it is Q ℓ .
For all n, we thus have
. It follows directly from Theorem 5.4 that this vanishes when n ≤ 0 and that
The last assertion follows from Soulé's Theorem [22] , which asserts that the regulators c 1 :
Galois Actions on Geometric Fundamental Groups
Fix a prime number ℓ. Suppose that F is a number field and that X is a geometrically connected variety defined over F . Set X = X ⊗ F F . Denote the absolute Galois group of F by G F . We have the outer Galois action φ ℓ : G F → Out π 1 (X, x) (ℓ) of G F on the pro-ℓ completion of the geometric fundamental group of (X, x).
The I-filtration. Define a filtration
Out
where
denotes the lower central series of π 1 (X, x) (ℓ) . The I-filtration
along the outer action:
It is independent of the choice of base point x but depends on X and the choice of the prime ℓ.
It is convenient to work with a smaller Galois group. Suppose that S is a finite set of closed points of O F that contains all primes that lie over ℓ. As before, we denote the associated S-integers by O F,S and π 1 (Spec O F,S ) by G F,S . If φ ℓ is unramified outside of S, then it factors through a representation
We can pullback the filtration L • of Out π 1 (X, x) (ℓ) to define the I-filtration of G F,S :
By an elementary argument, the quotient mapping G F ։ G F,S induces isomorphisms
are Lie algebras over Z ℓ ; the bracket is induced by the group commutator. (See [20] , for example.)
Galois actions on unipotent completions. Set
Remark 10.1. It follows from Theorem A.4 that for each imbedding σ : F ֒→ C, there is an isomorphism P = π 1 (X σ , x) un /Q ⊗ Q Q ℓ , where X σ denotes the complex variety obtained from X via σ.
There is a proalgebraic group Out P whose K-rational points form the group of outer automorphisms of P(K) for each field extension K of Q ℓ . (See Appendix A.4.) By the naturality of unipotent completion, the outer action of G F,S on π 1 (X, x) induces a homomorphism Φ S : G F,S → Out P. As above, the lower central series
of Out P. Pulling this back along Φ S , we obtain a filtration 
Proof. We will use Theorem A.3 and its notation. 
It follows that the natural homomorphism Aut Γ → Aut P descends to a natural homomorphism
which is injective. This induces a homomorphism
The kernel of this morphism is finite. This is equivalent to the assertion that
, which follows from the compactness of Aut(Γ/D m Γ) (Γ is finitely generated as a pro-ℓ group) and the
are finite from which it follows that I ℓ m G F,S ⊆ I ℓ m G F,S has finite index. Because the sequence
is exact, the kernel and cokernel of the natural mapping on the graded quotients has finite kernel and cokernel. 10.3. The Galois image. Denote the Lie algebra of P by p. Choose a base point x ∈ X(K) (possibly tangential), where K is a (possibly trivial) finite extension of F . There is a finite set of primes T in Spec O K that contains all primes lying over S such that the Galois action
is unramified outside T and thus factors through a homomorphism
By naturality, there is a homomorphismΦ T : G K,T → Aut P such that the diagram
commutes. Denote the Zariski closure of the image of G K,T in Aut P by G K,T and its prounipotent radical by U K,T . Denote the Zariski closure of the image of G F,S in Out P by G F,S and its prounipotent radical by U F,S . The natural homomorphism
(ii) the image of each of G F,S and G K,T in Aut H 1 (P) is the group of homotheties and is isomorphic to G m ; (iii) G F,S and G K,T are both negatively weighted extensions of G m ; (iv) p has a natural weight filtration which is essentially its lower central series: 
) is a trivial Galois module is equivalent to the statement that G F,S acts on H 1 (π 1 (X, x) (ℓ) ) ⊗ Z ℓ Q ℓ via the ℓ-adic cyclotomic character χ ℓ . This implies (i) as the canonical isomorphism
is Galois equivariant. It also implies that the image of each of G F,S and G K,T in Aut H 1 (P) is the group of scalar matrices, which proves (ii).
Since the kernels of Aut P → Aut H 1 (P) and Out P → Aut H 1 (P) are prounipotent (Proposition A.6), the kernels of the homomorphisms
are also prounipotent and are therefore U F,S and U K,T respectively. By standard Lie theory, the Lie algebra of Aut P is the Lie algebra Der p of continuous derivations of p. The mth graded quotient of the filtration
This filtration is preserved by G K,T , and therefore by G K,T as well. Since the bracket Consequently, the action of G K,T on Gr • L Der p factors through the homomorphism G K,T → G m and that G K,T is a negatively weighted extension of G m . Since U F,S is a quotient of U K,T , it follows that G F,S is also a negatively weighted extension of G m . This proves (iii).
Since p, Der p and OutDer p are all G K,T -modules, each has a natural weight filtration and each of the maps in the exact sequence
is strict with respect to it. Note that because there is a natural homomorphism G K,T → G F,S , the weight filtration on OutDer p coming from its structure as a G F,Smodule agrees with the one it has as a G K,T -module. It follows from the exactness of Gr
The computation above and Proposition 4.10 imply that
with trivial odd weight graded quotients. This proves (iv) and (v). Denote the Lie algebras of U F,S and U K,T by u F,S andû K,T . The two remaining assertions follow from (iv) by integrating
then there is a graded Lie algebra isomorphism
Gr W • u F,S ∼ = (Gr >0 I ℓ G F,S ) ⊗ Z ℓ Q ℓ .
Moreover, one can choose linear mappings
Proof. By strictness, the surjection A F,S → G F,S induces a surjection on the associated gradeds of their Lie algebras Gr 
is generated by the image of any section of Gr
). The last assertion now follows from Theorem 5.4.
10.4.
Proof of Theorem 1.1. Since P 1 − {0, 1, ∞} has everywhere good reduction, the Galois representation
It is standard that
Let v be the tangent vector − → 01 based at 0. This is a Q-rational tangential base point. The outer action of G ℓ on π 1 (P 1 Q − {0, 1, ∞}, v) (ℓ) lifts to an action
By Proposition 10.3, the Lie algebra p of the ℓ-adic unipotent completion of π 1 (P Q − {0, 1, ∞}) (ℓ) is an A ℓ -module and has a natural weight filtration. Denotes the Lie algebra of the Zariski closure of the image of G ℓ in Aut P by g ℓ and its prounipotent radical by u ℓ . By the results of the previous paragraph, these are A ℓ -modules. By Corollary 10.4, there is a surjective homomorphism a ℓ → g ℓ which carries k ℓ onto u ℓ . By strictness, the homomorphism
• u ℓ is also surjective. It follows from Theorem 8.5 that Gr W • u l is generated by elements σ 2n+1 ∈ Gr W −2(2n+1) u ℓ n ≥ 0. Theorem 1.1 now follows from Theorem 10.5 and the following lemma, which implies that the image of σ 1 in (Gr 
The non-degeneracy of the Lie bracket
given by taking inner derivations, is an isomorphism. Thus
Remark 10.7. Our proof says nothing about the non-triviality of the
Ihara's work [11] implies that when m ≥ 1, all are non-trivial in H 1 ((Gr
Combined with Theorem 8.5, this implies that
where the copy of Q ℓ (2m + 1) is spanned by σ 2m+1 . Ihara [11] also uses power series methods to establish nonvanishing results for some brackets of the σ j . Improvements can be found in [14] and [24] ).
Ihara considered the problem of whether the Z ℓ -Lie algebra Gr G ℓ is not generated by σ 2m+1 . 10.5. Goncharov's Conjecture. Goncharov [7] considers the varieties
where µ N denotes the group of N th roots of unity. Take F to be Q(µ N ) and S to be the set of primes in O F that lie over N ℓ. As above, let v = − → 01, the tangent vector at 0 that points towards 1. The Galois representation
is unramified outside S and, by the smooth base change theorem, factors through a representationφ
Denote the ℓ-adic unipotent completion of π 1 (X, v) (ℓ) by P. By functoriality,φ ℓ andφ S induce homomorphisms
By Corollary 10.4, this induces a homomorphism Φ S : A F,S → Aut P.
Goncharov considers the Zariski closure of the image of
implies that this is the image U F,S of K F,S in Aut P.
Theorem 10.8. For all N ≥ 1, the Lie algebra of the Zariski closure of the image of G Q(µ ℓ ∞ ) → Aut P is a quotient of k F,S , and is therefore generated topologically by
When N = 1, this proves the generation portion of Conjecture 2.1 in [7] .
This appendix is a collection of results needed on unipotent completion. Some of this material may be new, while other results are either folklore or implicit in the literature. Unipotent completion is also known as Malcev completion. One particularly useful approach to unipotent completion is due to Quillen [17, Appendix A].
A.1. Unipotent completion. Suppose that Γ is a group and that k is a field of characteristic zero. The unipotent completion of Γ over k consists of a prounipotent k-group Γ un /k together with a homomorphism θ : Γ → Γ un /k (k). These have the property that every homomorphism Γ → U (k) from Γ to the k-rational points of a unipotent k-group U factors uniquely through θ.
Unipotent completion is easily seen to exist:
where ρ ranges over all Zariski dense representations ρ : Γ → U ρ (k) from Γ into a unipotent k-group. The universal mapping property implies that unipotent completion is unique up to a canonical isomorphism. The image of Γ in its unipotent completion is Zariski dense, since the Zariski closure of the image has the requisite universal mapping property.
Since all finite dimensional vector spaces are unipotent k-groups, there is a canonical isomorphism
Unipotent completion behaves well under field extension. The following result is proved in [8] .
Proposition A.1. Suppose that Γ is a group, that k is a field of characteristic zero and that
In particular, if Γ is a finitely generated group, then there is a natural isomorphism
The lower central series
of a group Γ is defined inductively by A.2. ℓ-adic unipotent completion. There is an obvious variant of unipotent completion for profinite groups. Suppose that Γ is a profinite group. We shall say that a homomorphism Γ → G(Q ℓ ) from Γ into the Q ℓ -rational points of an algebraic Q ℓ -group G is continuous if it is continuous with respect to the profinite topology on Γ and the ℓ-adic topology on G(Q ℓ ). A homomorphism Γ → G(Q ℓ ) from Γ to the Q ℓ -points of a proalgebraic Q ℓ -group G is continuous if it is the inverse limit of continuous homomorphisms Γ → G α (Q ℓ ) from Γ to each of the canonical finite dimensional quotients G α of G.
The ℓ-adic unipotent completion of Γ consists of a prounipotent Q ℓ -group Γ un /Q ℓ together with a continuous homomorphism θ : Γ → Γ un /Q ℓ (Q ℓ ). These have the property that every continuous homomorphism Γ → U (Q ℓ ) from Γ to the Q ℓ -rational points of a unipotent Q ℓ -group U factors uniquely through θ.
The ℓ-adic unipotent completion of a profinite group Γ is constructed in much the same way as the standard unipotent completion given above. The universal mapping property of ℓ-adic unipotent completion implies that it is unique up to canonical isomorphism.
of a profinite group Γ is defined inductively by
This is a central filtration of Γ, so it follows that Proof. This follows by a proof that is essentially the same as that of Theorem A.2. The key points to notice are that the homomorphism Γ → U (Q ℓ ) in that proof is continuous in the current setting.
A.3. A comparison theorem. There is a close relation between the unipotent completion of a finitely generated group and the ℓ-adic unipotent completion of its profinite and ℓ-adic completions.
Theorem A.4. If Γ is finitely generated with pro-ℓ completion Γ (ℓ) and profinite completionΓ, then the three groups
are all canonically isomorphic as prounipotent Q ℓ -groups.
The proof reduces to the following result:
Lemma A.5. Suppose that Γ is a finitely generated group with pro-ℓ completion
is continuous with respect to the pro-ℓ topology on Γ, so that ρ induces a continuous homomorphism
Proof. We may assume that U is the upper triangular unipotent subgroup of GL N (Q ℓ ) for some N . We denote by U (ℓ m Z ℓ ) the group of matrices whose ijth entry lies in ℓ (i−j)m Z ℓ when i > j, is 1 when i = j, and 0 when i < j. Since Γ is finitely generated, the image of ρ is contained inside U (ℓ m Z ℓ ) for some m ∈ Z. The filtration
is a basic set of neighbourhoods of the identity in U (Q ℓ ); each quotient is a finite group of ℓ-power order. Since Γ ⊆ U (ℓ m Z ℓ ), the inverse image of each U (ℓ n Z ℓ ) is a finite index subgroup of Γ of ℓ-power order. The result follows. 
. By the universal mapping property of ℓ-adic unipotent completion, these induce homomorphismsΓ
whose composite with (13) is the canonical isomorphism of Proposition A.1.
This completes the proof as the image of Γ
A.4. Automorphisms. Suppose that U is a prounipotent group over a field k of characteristic zero with Lie algebra u. Standard Lie theory implies that there is a natural isomorphism H 1 (U) ∼ = H 1 (u). Suppose that this vector space is finite dimensional over k. In this case, U can be realized inside the completion U u of the enveloping algebra of u with respect to its augmentation ideal I:
which is a complete Hopf algebra. The group U is canonically isomorphic to the set of group like elements of U u and u to its set of primitive elements. This description is due to Quillen [17, Appendix A]. Since H 1 (u) is finite dimensional and since I/I 2 is canonically isomorphic to H 1 (u), each of the quotients U u/I n is finite dimensional and the image of U in U u/I n is unipotent with Lie algebra u/(u ∩ I n ). The logarithm and exponential mappings exp : IU u → 1 + IU u and log : 1 + IU u → IU u are mutually inverse bijections and induce bijections exp : u → U and log : U → u.
For a field extension K of k, define Aut(u ⊗ k K) to be the group of continuous K-linear Lie algebra automorphisms of u ⊗ k K. The group of continuous automorphisms Aut U(K) of U(K) as a prounipotent group is isomorphic to Aut(u ⊗ k K).
Proposition A.6. If H 1 (u) is finite dimensional over k, then there is a linear proalgebraic group Aut(U) defined over k that represents the functor
from field extensions of k to groups. The kernel K of the natural homomorphism Aut(U) → Aut H 1 (U) is prounipotent. The Lie algebra of Aut U is isomorphic to Der u, the Lie algebra of continuous derivations of u.
Proof. Every continuous automorphism of u⊗ k K induces an augmentation preserving automorphism of U (u ⊗ k K), and therefore a compatible set of automorphisms of each of the nilpotent Lie algebras (u ⊗ k K)/((u ⊗ k K ∩ I n )). Conversely, each element of lim
determines an element of Aut(u ⊗ k K). Since the automorphism group of a finite dimensional Lie algebra over k is a linear algebraic k-group and since each u/u ∩ I n is finite dimensional, it follows that there is a linear proalgebraic k group Aut U where
Suppose that φ is an automorphism of u. Since H 1 (u) ∼ = I/I 2 , and since the multiplication mapping ⊗ n (I/I 2 ) → I n /I n+1 is surjective and commutes with φ, we see that φ acts trivially on H 1 (u) if and only if it acts trivially on each graded quotient I n /I n+1 of U u. It follows that an automorphism of u that acts trivially on H 1 (u) stabilizes the filtration u ⊇ u ∩ I 2 ⊇ u ∩ I 3 ⊇ · · · and acts trivially on its graded quotients. Thus the kernel K of
is a prounipotent group. The last statement follows from standard Lie theory as Aut U = Aut u.
Dividing out by the subgroup of inner automorphisms, we obtain: 
Proof. This follows from Theorem A.4 as there is a natural action of Aut Γ (ℓ) on Aut(Γ (ℓ) un /Q ℓ ).
From this we recover a result of Nakamura and Takao [16] .
Corollary A.9. Suppose that k is a subfield of C and that X is a variety over k. Then for each k-rational point x of X, there is a natural homomorphism Gal(k/k) → Aut π 1 (X(C), x) un /Q ⊗ Q ℓ .
Appendix B. Continuous Cohomology of Galois Groups
In this appendix we prove a result, stated below, that gives a computation of the continuous cohomology of the Galois groups needed in this paper. Presumably it is well known to the experts, but since we know of no suitable reference, we have included a proof. B.1. The result. Let F be a number field, O F its ring of integers, l a rational prime number, S a finite set of closed points of Spec O F containing all the primes of O F over l. Let O F,S be the ring of S-integers, so that Spec O F,S = Spec O F − S. Let G F,S denote π 1 (Spec O F,S , Spec F ), the Galois group of the maximal algebraic extension of F unramified outside S. Let r 1 and r 2 be the number of real and imaginary places of O F , respectively.
The goal of this appendix is to prove the following result. , Q ℓ (n)) vanishes for all n ≥ 2. This theorem is also true when ℓ = 2, something which appears to be known to specialists but for which there seems to be no appropriate reference. An explicit proof has been written down by Sharifi [21] .
Theorem B.1 follows directly from this computation when S is the set of primes lying over ℓ. For the general case, it is enough to prove the following statement. Let K be the function field of X λ , and H K the Hilbert class field of K. Then Pic(O K ) → Pic(O HK ) vanishes. Let X µ be the integral closure of X λ in H K , which is unramified over X λ by the definition of the Hilbert class field. Since Pic(O K ) → Pic(X λ ) and Pic(O HK ) → Pic(X µ ) are both surjective, Pic(X λ ) → Pic(X µ ) vanishes. This establishes the vanishing of the direct limit of the Picard groups.
For the Brauer groups, the inclusion Br(K λ ) ֒→ 
